Let 26 be an infinite-dimensional Banach space. Mackey2 has shown, under more general conditions, that if xi, • • • , xn, yi, • • • , yH are any two sets of n linearly independent elements in 26, then there exists an isomorphism T of 26 with itself such that T(xi) = y», i = 1, • • • , n. In other words the collection of isomorphisms is transitive for linearly independent sets of elements of 26. This property is shared by many other sets of linear operators, for example by the set of all operators with finite-dimensional range in 26. These two sets of linear operators are semi-groups.3 In this note we give a condition for the transitivity property above which is necessary for all sets of linear operators and which while not in general sufficient is so for semi-groups.
In this result the operators need not be assumed to be bounded or defined everywhere in 26. @(26) will be used to designate the collection of all bounded linear operators with domain 26 and range in 26.
Theorem
1. Let & be a collection of linear operators with domain and range in an infinite-dimensional Banach space 26. For ® to be transitive for linearly independent sets of elements of 26 it is necessary that for each finite-dimensional subspace F of 26 there exists a F£© which is the identity on F and a number e>0 such that if <7£( §(26) takes F into F and || <2 e, then there exists an operator F6E® which agrees with T-\-U on F. If ® is a semi-group, this condition is sufficient.
It is readily seen that the condition is necessary. That it is not sufficient in general can be seen by taking © to be an e-neighborhood of the identity in the Banach space <S(26). If x and y are two linearly independent sets of n elements in X which are not fully independent, consider a set ü of w elements which is fully independent of x and also of y. Such a set v exists because y, is assumed to be infinite-dimensional.
The subspace F can be taken to contain all the vectors Xi, y,-, and »<. For the L which corresponds to this F, x, y, and 5 must lie in the same component by (c). Then by (b) there exists a l7£® with U(x) = y. This completes the proof.
Next we consider all our transformations as being in the space @(X). For the strong topology is defined, following the ideas of von Neumann,6 as that where the neighborhoods of a transformation Uo are those of the form N(Uo; xk, e) where e>0 and £;£;£, i = 1, • • • , k.
Theorem 2. A subset 21 o/@(3£) satisfying the conclusion of Theorem 1 is dense in the strong topology of @(X).
It suffices to show that the neighborhood N(U0; Xi, ■ • ■ , Xk, e) contains an operator in 21. By renumbering, if necessary, we let Xi, ■ ■ ■ , xr be a linearly independent subset of the x's which generates the same linear manifold as is generated by all of them. We put Xi= Zj=i aijXj< i = r~T~l, ■ ■ ■ , k and A =max for these values of i and for_7 = l, ■ ■ • , r. Also we set 77 = min {e, e/(rA)}. We choose Wi, ■ ■ ■ , wr in I where each Wi is linearly independent of the elements Uo(xi), i = l, ■ ■ ■ , r, and of the previously selected w's and each <t>. The collection { t/0(x,)+Wj} is a linearly independent set. By the assumption on 21, there exists F£2l such that F(xt) = Uo(xi) Cornell University
